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OBIHIAA XAPAKTEPUCTUKA PABOTHBI

AKTYyaJIbHOCTh TeMbl: Mbl OyJdeM  MOJB30BaThCS  CICAYIOIIAMHA
ob6o3naucHusmMu: CIIY — cucremsl auddepeHunansHeix ypaBHenuid, CUIY —
CUCTEMBI UHTETPO-T P HEPEHIIAATBHBIX YPaBHCHHIA, CHUY—cucremsl
UHTETpaJIbHbIX  ypaBHeHuil, [1O — muddepeHumansubii  oneparop, HUY-
uHTErpaabHoe ypaBHenue, MJ1Y — narerpo-audpepeHnmaibHoe ypaBHEHUE.

MaremaTiieckoe MOJECIMPOBAHUE MHOTHX (PU3MYECKMX 3344 CBOJATCS K
KkpaesbiM 3amadam s CIIY u CUJLY.

JUIss W3y4eHHWsl PEIUECHUH KPAaeBbIX 3a1a4, MMEIOTCS ACUMITOTHUYECKHE,
AHAIMTHUYECKME W  KAYECTBEHHBIE METOABI  co3maHHble A H.JIAMyHOBBIM,
A Ilyankape, H.M.KpeutoBeiM, H.H.Boromto6GoeiM, FO.A.MuUTpOnonbCKuM u
APYTMMH aBTOPAMH. OTH METOJBl YCIEIIHO NPHUMEHSIOTCS B HCCICAOBAHUHN
CIIA0OJIMHEMHBIX CHCTEM, B KOTOPBIX 3(PQPEKT OT HEIMHEHHOCTH TPOSBISAETCS
MEUICHHO M MOXET OBITh OOHApy»XeH W3 PACCMOTPEHHS ACHUMITOTHYECKHX
paznoxkenuid. OnHako npu uccienoBanuu HeauHehnbix CIY n CHUAY oOmero
BUJIA X TPUMEHUMOCTh OTPAHUYMBACTCS Y3KAUMHU KIIACCAMU YPABHEHHIA.

OnauM 13 3PPEKTUBHBIX MPUOTMKEHHBIX METOI0B UCCIIEIOBAHUS PEIIEHUIA
KPacBbIX 3a4a4 OOWIEro BHAA SBISIETCS YHMCICHHO-AHAIUTUYECKUI METOX
Camotinenko A.M. UYuCIECHHO-aHAIMTUYECKUM METOJ, SBJISIOIIMICI METOJI0M
NOCTIEAOBATENbHBIX MPUOMMKCHUN, BIEPBBIE MPEJIOKEH W 000CHOBaH A.M.
CaMOMIEHKO g HKCCICAOBAHUS  NEPUOJMYECKAX  PELICHUHA  CUCTEMBI
HeaBTOHOMHBIX  J[Y. B nmanpHeldimiem wmeton Obim pa3BurT B padorax J[H.
mapteiHbika, H.A. Ilepectroka, H.X. Ponro, O. Hypxkanosa, JIJI. Tas, T.
Baxabosa, A.Jl. baiinora, K. Unbscosa, B. A. Jlankanbsiua, A 5. ['aguoHeHKO u
JIPYTrUX aBTOPOB.

B paGortax 3THX aBTOpPOB OBIIM HMCCIEAOBAHBI BOMPOCHI CYIIECTBOBAHUS W
NOCTPOEHUsl nepuoanueckux pewmennid C/Y ¢ 3ana3aplBarOIIMM apryMEHTOM C
NepuoANYECKOi mpaBoi 4vactero, CIIY ¢ mmmynscHbIM Bo3aciicteuem, CUJLY,
aBTOHOMHBIX C/1Y ¢ 3anaszapiBanueM, aBTOHOMHBIX C/[Y BTOpOro nmopsiaka.

YHCnEeHHO-aHATUTUYECKUIT METOJ MPUMEHUTENIBHO IBYXTOUEUYHBIM KPACBBIM
3amayam nocesmeHbl padotel A.M. Camoiinenko n H.X. Ponto. B padorax 3tux
ABTOPOB MCCIIE0OBAHBI BOIIPOCHI CYLIECTBOBAHUS U MMOCTPOCHUS PELICHUS KPACBBIX
3ama4 uist 1Y ¢ IMHEHHBIMU HE Pa3AEAOIMMKC TPAHUYHBIMHA YCIOBUSAMUA U JY
C 3ara3AbIBAOIIAM APTYMEHTOM.

B nmanHoii paGoTe mpeanararoTcsi HOBbIE METOABI MPUOJIMKEHHBIX PELICHAN
KpaeBbix 3a1au CIY.

Hean uccaenoBaHus:

— KCCIENOBAHUE BONPOCA CYIIECTBOBAHMS W IMOCTPOCHHUS MEPUOAUUYECKUX
peenunii kazwmHeRHbIX CHUJ1Y ¢ koneunsim nocneaciicreuem u CUJY obmero
BU1a OECKOHEYHBIM MOCIEACHCTBUEM, OOIAJAOIINi CBOHCTBOM aBTOHOMHOCTH,

— M3y4YeHHe 3amaun pazpemmmMoctd CHUY CMEmaHHOro TUMa U MOCTPOEHUS
NPUONM>KEHHBIX PEIICHMIA,

— M3YYECHHME BOMNPOCA NOCTPOCHUS PEIICHMs KpaeBblx 3amad it CHY ¢
JVMHECHHBIMU HE Pa3JEISIOIIMMCS TPAHUYHBIMU YCIOBHSIMH,
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— TOCTPOCHUS ACUMIITOTHYECKOTO PA3JIOKEHUS M0 CTENEHSAM MaJloro
napameTpa pemeHus KpaeBboix 3amad i CHY ¢ perysisipHbIM M CUHTYJISPHBIM
BO3MYLLIECHUEM;

— pazpaboTka Mou(uKalMK YHUCIEHHOTO MeTona Pynre-Kyrra s
MOCTPOEHUS YUCIICHHBIX PELICHUI KPAEBBbIX 3a1a4 CUCTEMBI J1Y.

Meroabl uccaenoBanusi: [l JOCTWXKEHMS LENM W PELICHUS 3a1a4
JUCCEpPTAallM, TJABHBIM  00pa3oM  MPUMEHSIOTCS — ammapaTbl  YHACIEHHO-
AHATMTHYECKOTO METOAQ, MPENIOKEeHHbIH CamoineHko A.M., Teopusi MHTErPo-
i pepeHInaTbHBIX YpaBHEHWH pa3paboTaHHbli beikoBeiM S1.B., Teopus meTona
MaJIOr0 MmapaMmeTpa, TEOpHs METOJa MOTPAaHMYHBIX (PYHKOMI M anmapar METoja
Herotona-Kantoposuua, o0ecreunBaroIMiA YCKOPEHHYIO CXOAUMOCTH
NPUONMKEHHOTO PEHICHHS K TOYHOMY PEIICHUIO KPacBOi 3a0a4u.

Hay4Hast HoBU3HA:

— BrniepBble uncnenHo-ananuTuueckuii Mmeton A.M. CaMOMIIEHKO TPUMEHEH
1 000CHOBAH JUI UCCIICAOBAHUS IEPUOAMYECKUX pelleHui aBTOHOMHBIX CUJLY ¢
KOHEYHBIM M OECKOHEYHBIM MOCIEACHCTBUEM;

— Pazpabotan u Maremarnuecku OOOCHOBAH METOJ MOCIEI0BATEIBHBIX
npUONKEHUH  00€CTICUMBAOIINI  YCKOPEHHOW CXOJMMOCTBIO TPHOIMIKEHHBIX
PELICHMIA KPAeBBIX 331a4 K TouHOMY pemeHuto CIY,

— H3ydeHbl BONPOCH! CYIIECTBOBAHMS M €AMHCTBEHHOCTH pemeHus CHUY
umenyemoe kak CHUY B 4MCIIEHHO-aHATMTUYECKOM METO/IE,

— Meronom cBeneHus kpaeBod 3amaun i CHY ¢ peryiaspHeIM U
CUHTYJISIPHBIM BO3MYILEHUEM OTHOCHUTEIIBHO MAJIOr0 mapamerpa, K 3agadye Komm
st CUJTY mocTpoeHa aCHMITOTHYECKOE PEHIEHUE KPACBOM 3a/1a4u,

— HW3ydeHbl BONPOCH CYIIECTBOBAHUSL M IOCTPOCHME KPACBbIX 331a4
JIMHEHHBIX U KBa3WJIMHECHHBIX CIIY;

— PazpaGorana Momgudukanus uymciaeHHoro wMerona Pynre-Kyrra s
MOCTPOEHUS YUCIICHHBIX PEIIEHUI KpaeBbix 3aaad C/1Y.

IIpakTHyeckast ¥ TEOPUTHYECKAs] HEHHOCTb: Pe3ylbTarsl auccepranuu
JAOT BO3MOXKHOCTH MCCJEAOBATH MHOTOTOYEUYHBIE KPACBBIE 3aJa4M CHUCTEMBI
i pepeHInaIbHBIX YPaBHEHHNA. Pa3paboTaHHBIMU B AMCCEPTALIMKA alrOpUTMaMU
U METOAAMM MOKHO PEIIUTh KOHKPETHBIC NPHUKIAAHBIE MOJICIIBHBIE YPABHEHUS.
Pe3ynbrarel guccepranmm HOCAT TEOPETHUYECCKUI XapaKTep.

OCHOBHBIE N0JIOKEHUSI, BBIHOCUMbIC HA 3ALIUTY.

1. OGocHOBaHUE YUCJICHHO-aHATTMTHYECKOTO METoAA aKaJeMuKa
Camoiinenko A.M., 1mns8 W3yYEeHHs NEPUOJMYECKHX  PELICHUHN
aBTOHOMHBIX CUJ1Y ¢ KOHEUHBIMU U OECKOHEUHBIMHU MOCEACHCTBUSIMHU.

2. Uzyuenne pazpemmmoctd CHUY cMEmaHHOro Ttvma MMEHYEMOE, Kak
MHTErPAJIbHOE YPABHEHHUE B UNCIICHHO-AHAIMTUYECKOM METOJIE.

3. Pa3paboTka  4YMCICHHO-AQHAJIMTUYECKOTO METOAAa C  YCKOPEHHOH
CXOJUMOCTBI0 TIOCTPOCHUE M YCTAHOBIICHHE CYIIECTBOBAHMS PELICHUI
JBYXTOYEYHOM KpaeBoi 3anaun C/Y.

4. Pazpaborka MoauQuKauuu YUCIEHHOro wmetoga Pynre-Kyrra pms
MOCTPOEHUS YUCJICHHBIX PEIIEHUI Kpaesbix 3aaa4 CJ1Y.
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5. Pazpabotka wu oOocHoBanme wmetoma HWJIY mig  moctpoeHwms
ACUMIITOTMYECKUX pelIeHui Kpaesbix 3amad, C/Y ¢ peryisapHbeIMH U
CUHTYJISIPHBIMHA BO3MYILCHUSIMU.

6. W3yueHne BOMpOCa CYLIECTBOBAHUS M NOCTPOEHUS KPAcBBIX 3a1a4
JIMHEHHBIX U KBa3uWIMHEHHBIX CY.

CBsi3b padoThl € HAYYHO-HCCJIEA0BATEILCKHMH mpoexkTamu. Padota
BBITIOTHEHA B paMmkax IpoektoB HUP MHcTUTyTa TEOpPETUYECKON M MPUKIATHON
marematukn HAH KP: «Pa3Butre n npuiioKeHuss KOMIBIOTEPHOTO MOACIIMPOBAHUS,
ACUMIITOTHYECKUX M AHATUTUYECKUX METOAOB B TEOPHUM JMHAMUYECKHX CHCTEM,
OOpaTHBIX U ONTUMHU3ALMOHHBIX SKOHOMUYECKHX 337a4 B aHAJIN3E TeO(PU3NIECCKUX
JAHHBIX JJIs OMEPATMBHOTO MPOrHO3a 3emieTpscenuit» (2012-2014), Homep roc.
peructpauuu  Ne 0005756, «Pa3zButMe W NPUTIOKEHHS  KOMITBEOTEPHOIO
MOJACIIMPOBAHUS, ACUMIITOTUYECKUX, TOMOJIOTMYECKUX U AHAIUTHYECKUX METOJIOB B
TEOPUM YCTOWUYMBOCTH JAWHAMHUYECKMX CUCTEM, PA3PELIMMOCTH OOpPATHBIX 3anaad,
SKOHOMHYECKMX M Treopusmueckux mporeccoBy (2015-2017), HOMEp TOC.
peructpanuu Ne 0007125 v BKITFOUEHBI B OTUYETHI 110 3TUM MPOEKTAM.

AnpoOauust padoTsL Pe3yJIbTaThl HCCIICAOBAHUN JOKIAABIBAIINCE.

- HA HAYYHO-TCOPETHUYECKOH KOH(QEPECHUMH, NOCBAMICHHOH  40-JIeTuro
Hccrik-Kyneckomy ['ocynapcrBeHHOMY YHuBepcutery uM. K. TeIHBICTAaHOBBA
(Kapakon, 1993);

- Ha IV PecnyOnuMKaHCKOW HAyYHO-METOIMYECKOW KOH(PEPECHUMHU
«KoMmbroTepel B y4eOHOM MPOLIECCE W COBPEMEHHBIE MPOOJIEMBI MATEMATHKI
(bumikek, 1996);,

- Ha IV PecnyOnuMKaHCKOW HAyYHO-METOIMYECKOW KOH(PEPECHUMHU
«KoMmbroTepel B y4eOHOM MPOLIECCE W COBPEMEHHBIE MPOOJIEMBI MATEMATHKI
(bumikek, 1996);,

- Ha Il MeXayHapoJHOW  HAYYHO-MPAKTHYECKOH  KOH(PEPEHUIUU
«TeopeTndecKkre aceKThl pa3BUTHs COBPEMEHHOH Haykm» (buikek, 2013);

- Ha TpeTbel pecrnyONMKaHCKOW HAy4dyHOW KOH(EPEHLMH, MOCBSIICHHOM
namsti npodeccopa P. Ycybakynosa (buikek, 2014);

- HA CEMHHApE MO0 MaTeMaTHUKE OTACICHUNA MPUKIIATHON U TEOPETUUCCKOMN
MaTeMaTHKd,  (akynpTeTa  €CTECTBEHHBIX  Hayk  KbIpreiscko-Typenkoro
yauBepcuteTa «Manacy (bumikek, 2016);

- B MEXKIYHAPOJHOW HAYYHO-MPAKTUYECCKONH KOH(EPEHUMH, TPUYPOUYCHHON
roay HPaBCTBEHHOCTH, BOCIHHTaHUS M KyJabTypbl, «Hayka u oOpa3oBaHue:
COBPEMEHHBIC TPOOJIIEMBI W TEPCHEKTUBHBIC HAMPABICHUS WHHOBALMOHHOTO
pazsutus» (Kapakosn, 2017);

- Ha I wmexayHapogHoW KoH(epeHUMH, NPUypodYeHHOU K 70-JIETHrO
npodeccopa A.KepumOekoBa «AKTyanbHble TPOOJEMbI TEOPUM YNPABIICHUS,
TOTOJIOTHH W ONEPATOPHBIX yrpasieHui» (buikek, 2017);

- Ha cemuHape akagemuka bopyoaesa A.A.(bumkek 2018).

IyOaukanun. OCHOBHBIC PE3ynbTarbl  pabOTHl  OMyOJIMKOBaHbI B
MOHOTpaduu 1 B 26 HAYUHBIX CTAThSIX.



B coBmectHbix pabGotax [2, 18, 23, 24] A.b. baiizakoBy NpUHAAJICKUT
NOCTAaHOBKA MPOOJIeEM, a COMCKATEN0 WX penieHus. OCHOBHBIE PE3YJbTAThI
JUCCEPTALMH MOJIYUYEHBI INYHO aBTOPOM.

Crpykrypa u o0bem guccepranuu. /uccepranuss COCTOMT U3 OTTIABICHUS,
CIHMCKA YCIOBHBIX OOO3HAYCHWMH WCIMOJNB30BAHHBIX KPAaTKAX MAaTeMaTHYECKUX
3anmucel, COKpalICHUN, BBEACHUS W 6 TIiaB, KOTOpbIC pa3OWTHl Ha maparpadpsl,
BBIBOJIOB, CIIMCKA WCIHOJIb30BAHHBIX HWCTOYHHUKOB W3 116 HauMEeHOBaHWUN W
NPUJIOKEHUST TeKcTa mporpaMmbl Ha Excel w pe3ynbTaroB pacdera 4YMCIIOBBIX
npuMmepoB. O6mmii 00beM aucceprauuu 164 crpanun. Beero B padote 3 pucyHka
u 7 tabmun. Hymepamusi riiaB CKBO3Hasi, a HOMEp maparpada COCTOMT U3 JIBYX
uu(p, oTaencHHbIX TOYKOW. [lepBas nmdpa o3HaYaeT HOMEDP TJIAaBBI, a BTOpas
HOoMED maparpada.

Hywmepauusa teopem, nemm m gopmyn Tpoinas. llepBas umdpa o3navaet
HOMEpP IJ1aBbl, BTOpas- HOMEP maparpada, a TPETbsi- HOMEP TEOPEMBI, JIEMMBIL,
(OpMyJIBL

ABTOpP BBIP@KACT MCKPEHHIOK  OJIArOJAPHOCTH CBOEMY  HAYYHOMY
KOHCYJIbTaHTy A.(.-M. H., mpodeccopy baiizakoBy A.b. 3a TOCTOSHHOE BHUMaHUE
K pabore.

OcHOBHOE coepKaAHHE TUCCEPTALHH

Bo BBeneHMM um3nmaraercs Uenb M 3ala4d UCCIIEAOBaHUsS, 0OOCHOBBIBACTCS
aKTyaJbHOCTh TEMBI, HAy4YHAs HOBW3HA, TMPAKTUYECKAsT W TECOPUTUYECKAS,
LEHHOCTh JUCCEPTALMH.

B mnepBoii rmaBe mzmaraetcs 0030p JUTEPATYPbl W KPATKOE COACPIKAHUE
PE3yNbTaTOB JUCCEPTALNH.

Bropas rnasa nocssiieHa 000CHOBAHUIO YHACICHHO-AHAIATHYECKOTO METO1A
Camoiinenko A.M. mis uccnenoBanus nepuoandeckux pemennii CUAY

dx(f) Ax(t)+f[x(t) Tw—s x(s))dsj (1)

H BUJa
dx(?)

—f[ (®), j(p(t sx(s))ds). 2)

oOjagaronre CBOMCTBOM aBTOHOMHOCTH.
Hzyyarorcsa nepuoandeckue peweHus 1Y

w0 = [ K(e)x(s)ds + ) 3)
w VITY Buma
dx(t) - f[t *(1), j K@, s)x(s)dsj. (4)
PaccMoTpuM npeo6pa3013aHI/Ie

x=e"y, x=y, O=ot,
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e ¥ Uy — m -MEPHbIE BEKTOp — (YHKIMHU, HMEIOUIUE, COOTBETCTBEHHO
KOMIOHEHTHI X, ¥, (i=1,2,...,m, i<m<n), X, y —(n—m)-MEPHbIC BEKTOP — (YHKIWH,
MMEIOLINE, COOTBETCTBEHHO, KOMIIOHEHTHI x,, ¥, (j =m,...,n). TOr1a OTHOCHTENEHO
HOBBbIX nepeMeHHbIx CULY (1) umeet Bua

G+wt
%:iy[ﬂ@),i ! v (0, v,y(v))dv), (5)

[Tycte  BEKTOpP-PYHKIUSA Y (O, v,u), w(6,y,v) SBIAIOTCA HENPEPHIBHBIMH,
OrpPaHUYCHHBIMHU M 277 IEPUOIMICCKHMH TI0 6 M YAOBJIETBOPSET yciaoBue Jlumnmmiia

Y (0, y,w)|=M, [w(6,y,v)|<N, (6)
|Y(6’, V,u')-Y(6, y",u")| <K, |y' —y"| +K, |u' —u" ;

w(0,v,3) =y (0,v, )| <K |y — " )
raemM, N, K, K,,K, - TIOCTOSIHHBIC YUCJIA.

2

2

YUCIIO Q = ?—”{Kl + %Ksz} MEHBIIE €IMHULIBI

«w
o<l. (8)
B §2.3 nokazaHo yTBepkaeHHME 00 OOmICH CXeME OThICKaHWusS 27 —
NEPUOAMYECKOE PEUICHUE CUCTEMBI (5).
Teopema 2.3.1. [lycte CHUJ1Y (5) ynosierBopsieT HepaBeHCTBaM(6), (7), (8).

Torma, ecnmu or1a cucreMa (5) HMEET 27 -NEPHOJAMYECKOE  DELICHHE
¥y =3(0),y(0) = y,, TO ¥(@)=y,(0,y,,®) B0OONaCTH wel ={w: v>Q},

rae vy, (6,y,,0) — npeacnbHas GyHKIUsS MOCIeI0BaTEIbHOCTH

g

l 4 l O+ ot
ym(9,yo,w)=yo+5f{Y (G,yml(&yo,a)),g [ we. v,yml(ﬁ,yo,aJ))dVJ—
0
©)

1 27 16+a)2'
. J-Y[eﬂyml(eaywa)))ﬂ_ J- l//(ea Vayml(vaywa)))dvjde:|d97 m 21727""
27 [

l 27 l G+wt
Ay 0)=— | Y[e,y%e,yo,w),— [ we. v,yO(v,yo,w))vade,
27w 5 W

%
rae y'(6,y,.o) — npeaen nociaeaoBaTenbHOCTH (9).
Taxum 00pa3oM TOUKHU (y,,w), A1l KOTOPBIXA(y,,®)=0 SBISIOTCS OCOOBIMHU

TOYKAMH OTOOPAKEHUS
A R™'xI, >R,

O+t

) 17 1
Ay, 0)=—|7Y| 6,6, v, 0),—
(5, 0) m! [ Y@ y0)— |

g

(O, v, 5" (v, ¥, w))dvj de. (10)

Tak kak otoOpakenue (10) HaXOAUTCS TMIIb MPUOTMKEHHO, HCXOS U3
NOCIEA0BATENBHOCTH (PYHKIIHIA



. 1 27 1 O+ot
A, (@) ==— | Y[e,ym(e,yo,wx— [ we, v,ym(v,yo,w))dV)dG, (11)
27w 5, W

o

rae y,(6,y,, ®)— QyHKIUU nocaeaoBaTeibHOCTH (11), TO BOZHUKAET 3a/1a4a, KaK 1o
HYJIAM QYHKIUU A (,,®) 3aKITIOUUTE O HYJSX A(y,, ), a CIEA0BATEIbHO, O

CYLICCTBOBAHUH MEPUOJNUECKUX PELIEHHUH cUCTEMBI (5).

JlokazaTenbCcTBO OTOM 3agaum naHo B §2.5 W odopmiieHO B BHJAC
CJIEAYIOLIETO YTBEPIKICHU.

Teopema 2. [1yctb 11 cuctemsl (5), BBIOIHSIFOTCS YCIIOBUS:

1) orobpaxenue A, (y,,®) sl HEKOTOPOTO LEJIOT0 m MUMEET HM30JIMPOBAHHYIO
0co0y10 TOUKY A, (¥,,@)=0;
2) MHAEKC 3TOH 0cO00H TOYKM OTIMYAETCS OT HYJIS,

3) CylIecTBYyeT 3aMKHyTas BbIMyKaas o0nacte D, =DxI, < R"'xI, 51

>

cojiepKalias €AMHCTBEHHY 0COOYIO TOUKY (¥,,®) (PYHKIIMU A , 4TO HA €€

rpanuue I'(D,) BBIIOJHAIOTCSA HEPABSHCTBA

infA (v,,)> lQ’”+1 (1-0)'M.
@

Torga cucrema (5) Oydaer MUMETh 27 -NEPUOAMYECKOE pewmeHue. Tenepb
BO3HHMKAET BOMPOC O TOM, KaK OMPEACTUTL 00J1aCTh MEPEMEHHBIX (y,, ), B KOTOPOH

HAXOJATCA HA4YaJIbHOC 3HAQYCHHUE y, U YacToTa ® TOYHOTO NCPUOAUICCKOIO

pewenns. Ha 3ToT BOIpoC OTBEYAET JOKA3aHHOE B §2.6 YTBEPXKIACHUE.
Teopema 3. Ilycth 3amana cuctema (5) u {y, =y, }eD, . Toraa mis Toro,

yroObl B 3TOH 007acTM Halpiack Todka (¥,,@) , B KOTOPOH A(¥,,@)=0 ,
HEOOX0AMMO, 4TOOBI AJIsE BCEX LEbIX m U JH00r0 (v, ") € D, (Mckomas 001acTh)
BBITIOTHSJIOCH HEPABEHCTBO

‘Am(yé, {w

M+2NK T

[1+Q'(1+0'(1-0)"

") <sup

[1+0'(1+0'(1-0) e’ w)\+ "””(1—Q')1Mi(yo;w)€Dw},

2 3
rae Q':—”(K —TKKJ
3w 2

jK@@w jK@@m

= maX

(12)

HXH

B §2.7 paccmorpum UJ1Y BHaa



dx(”_ f(t (), j K, s)x(s)ds] (13)

rie f U K — O-TIEPHOANYECKHE MO ¢, s (QYHKUMH. J[0Ka3aHO CYINECTBOBAHUE W
OTBICKaHue nepuoanyeckoro pemenus MY (13).

B §§2.8-2.10 paccmarpuBaroTCs BONPOCH MOCTPOCHHS U CYIIECTBOBAHUS
nepuoanyeckux peuenuii, CUJY ¢ 6eCKOHEUHBIMH MOCIEACHCTBUSIMU BUAIA

% _ 7 [x(t), jw ot —s, x(s))dsj (14)

T x, f —n-MEPHBIE BEKTOP-(QDYHKIUH, » —m-MEPHBIA BEKTOP-(PYyHKIHS.
[Tycte Tenepb QYHKUUM f(x,u) U @(f/—s,x) YAOBIETBOPAOT TO X W u
ycnouto Jlunmmna. Jlanee, mycTte 4 — 3aAaHHAs mxm -MEPHAs IMOCTOSTHHAS

dx —
MaTpulia, Takas, 4YTO BCE PEUICHUS YPaBHEHUS 7=Ax 27 TNEPUOIUYECKHE
t

(YHKLMH.
[TpeoOpa3oBanneM BUaA
¥=e"y, X=Yy, 0= (15)
T X U7 m-MEPHbIC BEKTOPBI-PYHKINH, X, ¥ — (n m) -MEPHbIE BEKTOPBI-(PYHKINH,
cucrema (14) cBoguTes K cUCTEME
8
o) %Y[e,yw),% Jver y(v))dv] (16)

[Tpennonoxkum, 4Yro QYHKIMM Y(6,y,9), (6, y,v) SBISIOTCI HEMNPEPHIBHBIMM,
OTPAHUYCHHBIMH U 27 IEPUOJAYECCKUMU 10 &, v U YIOBIETBOPSAIOT YCIIOBUIM

Y(0,y,9)| <M, [|p(6,v,y()v<N, (17)
"< K, (6 - | (18)
?K3(0—V)dv<K<w, (19)

raeM,N, K,K,, K, TOJIOJKATCIbHBIC NOCTOSHHBIC YU CIIA.

T
[IpeanonoKum, Yuciao Q = —[ 1
[

Q<1 (20)
[Tpu BemMonHenun ycnosuit (17)—(20) B §2.8-2.10 mokazaHbl aHAJIOTHYHBIC
Teopemam 1, 2, 3.
B §2.11 paccMarpuBacTcs MOJEIbHAs cucreMa WUHTETPO-
P PepeHINATBHBIX YPABHEHUH, OMMCHIBAIOINAS KOHTAKTBI MEXKIY XUILHUKOM (X)
Y 5KEPTBOIA (V) B MPOLIBIE BPEMEHA, BIMSIOIIME HA CKOPOCTh pOCTa 000MX BHJIOB

K
= j HE MIPEBHIIACT CAUHUILY, T.C.



t

dx . : : -
bt za)x—za)cllx—za)clzxj. e “y(s)ds,

d ]
: (21)
@ _ ioy +ia)021yJ. e “x(s)ds.
d ]

3aMEeHOM NMEPEMEHHBIX

. . z
it iwt
x=€e%x, yv=e"y,0t=0,s =—,
@

cuctema (21) CBOIUTCS K CUCTEME

. a -

dx, _ To ety

—L=—ice”x’ clleje @ — dz,

dt

—00
6  6-z

dy, i j
—_— = e ?e"x dz.
dt » 21y1I l[a)

—00

Haiineno nepBoe npuONIM>KEHUE 27 -NEPHOMUECKOMY PELLICHHUKO.

B rnase 3 umsywaercs CHUY CMEMAHHOIO TUIA, KOTOPOE WIPAET BAXKHYIO
POJIb TP MCCIICAOBAHUY PELICHUN IEPUOINYECKHAX M KPACBBIX 3a/1a4.

B §§3.1-3.3 paccmorpensr CUY BI/II[a

x(t)=u j {K(r $)x(s) -~ j K(t, s)x(s)ds}der 7, (22)
H BHA
x(0) = uf {K(r, $)x(s) —% [k s)x(s)ds}ds + £(t,x(1)), (23)

T€ x, f —n -MEPHBIE BEKTOPBI-QYHKIMH, K (¢,5)—nxn-MEPHAs MaTpULA-QyHKIUS,
w -napametp. [IpeacraBum (22) B onepaTopHOM BUIE

x(2) = u(Kx)(@) + 1 (1)
U pemaeMm (22) METOAOM MOC/IECA0BATENbHBIX NPHONMKCHUH, B3sIB B KAU€CTBE
NEPBOTO NPUOJMKEHUS x,(f) = f(f) , COTJIACHO CXEME

x,(0) = u(K, )0+ £ =3 1 K F)0), n=12,.

rae (Kx)@) = ,uj- K(t,s)x(s)— %]-K (7, 8)x(s)ds |ds.

Teopema 4. CUY (22) umeer, u Mpud TOM €IMHCTBEHHOE PELICHUE IMPHU
TL
2

1 ]
< rae L=[K] u 0] < - )]

Takoe yTBEPKICHHUE I0KA3aHO B §3.2.
Teopema S. Ecnii yI0BIETBOPSAET yCI0BUIO JInmma

> 1 ;:llu|p+l’1<1=

10 CUY (23) HMeEET IpH 3TOM €IMHCTBEHHOE PEIIEHHE x =X"(f) U 3TO PELICHUE
MO>KHO HAWTH METOJOM MOCIICAOBATEIBHBIX MPUOIMKEHUI COTJIACHO CXEME
X, () = p(Kx, )(O) + [ (1,%,, (D).

10



B §3.4 npeiaraercs unciaeHHas cxeMa pemeHus (meton tpanenuu) CUY
(22).

B rmmaBe 4 paccmarpuBaercs mpoOiemMa MareéMaTH4eCcKoro 0OOCHOBAHUS
CXEMBbl  YHCIICHHO-QHAIMTAYECKOT0 METOAA C€ YCKOPEHHOM  CXOAMMOCTBEO
JBYXTOYEYHOHM KpaeBoy 3anaum ams cucrtemol O1Y.

B §§4.1-4.3 u3nokeHbl MOCTAHOBKA KPACBOM 3a/1auu, 3aJ1a4M JIMHCAPU3AlluU
W QJITOPUTM MPUOJIMIKEHHOTO PELICHHS KPacBOU 3a1a4ud BUAA

(R0 (24)
Ax(0)+ Bx(T)=d,0<t<T, (25)
rnpe d e R™ xe Cl([O,T] —>R" A BeR" detB#0.

[TpubnuxeHHbie pemieHus 3anaun  (24), (25) onpenenaseMm COTJIacHO
aJITOPUTMY

xn+1 (t7 xO) = j fx (t7 xn (t7 xO))an (ta xo) _%j.fx (t7 xn(t7 xO))an (t7 xo)dt dt +

T

3, [0, 0 %) = 003,300, 3) = [ (£ 3, (6%, - (26)

— %, (1 %, ), (8, %)) i ]t + %[Bld ~(BA+E)x, ],

B §4.4 paccmarpuBaeTrcs 3a1a4a UCCIEI0BAHUS CXOAUMOCTH aaroputMa (26).
[TycTb n—MepHast BEKTOP-(QYHKIHUS f(Z,x) ONpEAeSCHHAs B 001acTu
(t,x) [0, T]xS, ,0>0,5 < R" (27)
rae D — orpaHuM4eHHasi, 3aMKHyTas OONacTe €BKJIMIOBOTO MPOCTPAHCTBA E,, W
YIOBJIETBOPSET YCIOBUSIM:
|f@0| <M, |f.t,0)|<K,
|ft,x) = f .5~ £, — x| < K,
Jemma 1. Eoma 2TK <=, 2TM + B < w / 4, x, €D, 10 x,(6,%) e D, s
BCEX n=1,2,....
Teopema 6. Ilyctb x=x°(r,x,) pemieHue KpaeBod 3amaum (24), (25),

TK ™
- V=5+tB py<(@d-

, (28)

x'=x"".

VAOBJICTBOPSIONICH YCIOBUAM JIEMMBL 1. U p; =
—p)(1 —2p), 10 x°(1,x,) =lim x, (¢, x,), ¥

—p Py Y a-pra-2py
(1-

|x0 #,x,)—x, (Z,x0)| < !

o \(1=p)1=-2p)) (1-p)'(1=2p) piy*’
i Beex n=0,1,2,..., Tae x,(t,x,) onpeneaseTcs cornacHo (26).
[Tonoxum
e ] 1
Alx,) = ?[B 14— (B 1A+E)x0]—?‘.-f(t,xw(t, x,))dt, (29)
0

rae x,(1,x,) TOPeAes MocnenoBaTeibHOCTH (QyHKouM (26). Tak kak x, (1,x,) -
PELICHUE YPABHEHUS

11



x, (6,X,) = X, + j[ Fl,x,(t,x,))— %} S, (t,x,)di e + % [B'd—(BA+E)x, |,

TO TIPH A(x,)=0 QyHKUHS x, (¢,x,) SABIACTCS PELICHUEM KpacBoil 3amaun (24), (25)
W BONPOC CYIIECTBOBAHMS PEIICHAM KPacBOW 3aJaud CBS3aH C BOIMPOCOM
cyuiecTBoBaHMs Hyseld Qynkumm (29). Toukm x, , AN KOTOPBIX A(x,)=0 ,
SBJISIFOTCS OCOOBIMH TOUKAMH OTOOPAKEHUS

A: D.—>E, A(xo):%[Bld —(BIA+E)x0]—% j [, x°(t,x,))dt. (30)

Haiitu otoOpaxkenune (30) MOXKHO JAIIb MPUOIMKEHHO, BBIYUCIISS,
(GyHKIUU

A, (%)= %[Bld ~(B4 +E>xo]—% [/ 5,3 )~ e, x )ox,ex ke (31)

[ToaToMy BO3HMKAET cleAyromas 3anada: ucxods u3 ortoOpakenus (31)
pemmTh Bonpoc o Hyssix (30) 1, ClIeAoBaTeNbHO, O PEIIEHUH KPacBoii 3aaauu (24),
(25). Pemienue 3T0M 3aqa4m JaeT T€OpeMa, A0Ka3aHHas B §4.5.

Teopema 7. [lycth 11 kpaeBoii 3amaun (32), (33) 3apanHoii B oOnactu (35)
U yAOBIETBOPAIOWEH ycmoBusim (36)-(38), Takke BBIMOIHSAOTCS CICAYIOIINE
YCJIOBHS:

a) JUisl HEKOTOPOro uenoro n (GyHKUs A (x,) HMEET HW30JMPOBAHHYIO

0COOYIO TOUKY A (x))=0;

0) UHACKC 3TOI TOYKH OTJIMYEH OT HYJIS,

B) CYLIECTBYET 3aMKHyTas BbIIyKJasd OONacTe D, , NpUHAmIeKaias D, u
MMEIOMIAs €IMHCTBEHHYIO OCOOYI0 TOYKY x, , TAKYK, Y4TO Ha €¢ rpasuue T, ,
CIPaBEUIMBO HEPABEHCTBO

- An(x)‘ZKl—p( Py jz ( Py (1—2/3)2(1—30)22 2 +1j.

*D, o \(1=p)0=-2p)) \(A=-p)A-2p) (1-p)y (1-2p) -7 p,

Torma kpaepas 3anada (24), (25) uMmeeT pelieHUE x(r) , AJIE KOTOPOro
x(0) e D,.

B §4.6 paccmarpuBaroTCs CBOWCTBA ONPEACIISIONICH (PYHKIUU.

B §4.7 paccmarpuBaeTcs 3aga4a 0 BbIOOpE 00JACTH HAYATIbHBIX 3HAYCHMIA,
KOTOPBIE MOPOXKIAIOT pEHICHUsT KpacBo# 3anaun (24), (25).

I'maBa 5 mnocesieHa Bompocy oOocHOBaHust Metona Pynre-Kyrra s
KPaeBbIX 3a7a4.

B §§5.1-5.2 naroTcs mocTaHOBKA KpacBOM 3a1auM, 0011as CXeMa YUCICHHOTO
pelieHus 1 popmympoBka MeToJ0B PyHre-KyTTa aj1d KpacBoii 3aaaun

d.
— =S ), (32)
Ax(0)+ Bx(T) =d, (33)

¥ €r0 MaTeEMATHYECKOE 0OOCHOBAHMUE.
Paccmorpum 3anauy Komm

12



d
j); = £(t, %), (34)

() = %, (35)
Omnpenesesne 1. Ilycte s -  [memoe  MOJOXKUTENBHOE — YMCIIO
oy Qs s Oy yny Gy s Ay sn G DDy, 0B LG C, - BEIIECTBEHHBIE  KO(D(HUIMEHTEL
Torma meton
K (h)=f(,x),

K2i (h) = f(ti + czh’xz‘ + aZIKli) 5
K3i (h) = f(li + C3/’l, X; +h(a31Kli +a32K2i)) 5

K,(h)=f(t, +chx +ha K, +. . +a K _ ),

X, —x0+h22b K, (h) (36)

a=1 j=1
HA3bIBACTCS s - CTaAUHBIM MeTOJ0M PyHre-KyTThl s 3apaun Komm (34), (35).
OnpezleneHne 2. Ilyctb s - 1[En0€ TMOJOKHUTEIBHOE YHUCIO H
Ay y g genes Ay y Ay b,by,....b,,Cy,...,c, - BEIIECTBCHHBIE KOIPDUIMEHTHI U3

s s—1°
onpenencHus 1. TorJ:[a METOA

Kli(h) = f(ti’xi) >
K, (h)=f(t +c,h,x, +a,K,,),

K (h)=f(t,+chx +h(a K, +. . +a_ K _ ),

X, =X, +h2{2b K, (h)- —ZZS:I) K, ﬁ(h)} —[B’ld —(B'A+E)x,] (37)

a=0| j=1 ﬁ 1 7=1
HA3bIBACTCS s - CTAAUHHBIM SIBHBIM METOJ0M PyHre-KyTThl Ajis KpacBoii 3aaauu
(32), (33). CornacHO 3TOMY ONPEAEIICHUIO HEKOTOpBIE METOAbl PyHre-KyTThl
HU3LIAX MOPSIKOB 3aMUChIBAIOTCS:
Meron Diinepa

N-1
X =x, +h2(f(za, x) ?Zf(zk,xk)jJr%[Bld—(B1A+E)x0]
k=0
Meton XoiiHa

K, (h)=71(t,,x,), K;,(h) = f[ fh,n th(h)j
K, (h)= f[ta +Shx, +—hK2a (h)j ,

RO FTRCIS TR0 (TROE VNN

k=0
+tT—"[Bld (BA+E)x,]

Teopema 8. Ecniu Mmeton Pynre-KyTThl a1t kpaeBoii 3aaaun (32), (33) umeer
MOPSAAOK p M €CIM BCE€ YaCTHBIE IIPOU3BOJAHLIC f(f,x) HO MOpAaKa p

BKIIIOYUTCJIBHO CYHICCTBYIOT M HCHPCPBIBHBI, TO IMMOIPpCHIHOCTL MCTOAA
13



F(pﬂ)(@h)
p+l

Beenennwiii B onpeaenenun 2 metoa  PyHre-Kyrter  (37) MOHO
MHTEPIPETUPOBATE KaK NTUCKPETHBIM ananor CHUY Buaa

x(1,%,) = x, + j{ F(t,x(t,x,)) —%} . x(, xo))dt}dz +%[Bld— (B'A+E)x, | (38)

jx

N
JOIMYCKAET OUEHKY |x(7,) — x| < — [max
2pl @

+max Zs:bj |K(.P)(6?h)|jhp”
7=l

Beneacteue 310oro BONpoc CymecTBOBAHUS U OTBICKAHUS PELICHUS KPacBOM
3amaun (32), (33) cBoAMTCS K BOMPOCY CYLIECTBOBAHMS M OTBICKAHWS PELICHUN
KOHEYHO-Pa3HOCTHBIX ypaBHeHMi (37). B §5.3 maercs pemenue 3Toro Bompoca.

Paccmotpum kpaeByro 3anauy

xn+1 = 'xn +.](;1('xn) (39)
Ax, +Bx, =d (40)
rne  x, =", xP, L), £ =(f", £, ), A,B - TIOCTOSHHBIE  MAaTPHILbI

Pa3HOCTU px p , IpHUeM det B= 0. [Ipeanonoxkum, 4yto QyHKIMs f,(x) ONpEacIICHa
B 00J1aCTH (n,x) €[0, N]xS, W yJAOBIETBOPSAET HEPABCHCTBAM

L) <M, (41)
Sl = [l <K
rae M, K — NoJ0KUTEIbHBIC YUCIIA.

B naneHelimem OyneM paccMarpuBaTh TaKUE CHCTEMBI, AJI KOTOPBIX
BBITIOTHSFOTCS Y CJIOBUSI:

! ”n
x —x |,

(42)

1) [%jtﬂj <o, B=B'd-(B'A+1)x,;

2) Q:N—2K<l.

[Tpeanonoxum, uro 3amava (39), (40) UMEET pelICHUE U U3BECTHA TOYKA X,
4epe3 KOTOPYRO 3TO PEeIeHUE MPOXOANT pU n=n, =0. Toraa cnpaseaymsa

Teopema 9. Ilyctb ¢, - pemienne kpacBoi 3anaun (39), (40) npoxonsiiee
4epes3 TOUKY.

Tormag, =limx," (x,),

paBHOMEP x, € Swi(@% HO OTHOCHUTEIIBHO 7, X, W BBINIOJIHSAETCS OLICHKA
2

 MN
0, =% (x| 0 -0y ==,
rae x\°(x,) - OmpeaenseTcs COrIaCHO
) < k=1 1 & =1 n-1___, .l
X (xo):xo"'z fi(xi (xO))_NZ.f‘j(xj (xo)) +T(B d_(B A"'E)xo)
i=0 j=0

xl.(o)(xo) =x, i=01,.,N, k=1273,....
[Tyctb BekTOp-QYHKIMS onpeaeneHa B oonactu [0,7]xD (D e E,) 1 yIOBJIECTBOPSIET
HEPaBCHCTBY
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[ftx)| <M, (43)
Y YCIIOBUIO Jlummna
|F@,x) - ft.x")| < K|x'-x"], (44)
Uit BceX 0<¢<T, x,x', x"eD. Torna mis GpyHKIUU
D(x,,h) = Zb]K]a (h) (45)

CIpaBeIMBa
Jlemma 2. Ecnu pyHKIms f(7,x) yIOBAETBOPSET yciaoBusim (43), (44). Torna
nocTtostHHas Jlunmuna 11 GyHkiun (45) onpeaensercs corjiacHoO

L(h) = K[Z|b|+hKZ| a,|+ K’ Z baamay| )

,i=1 a,i, j=1
YcinoBusiMrA 00€CTIEYMBAIOIIMMHE CYIIECTBOBAHUE PELICHHs KPACBOHM 3a1aun
(32), (33) sBastorcs yenosus 1), 2). Ot ycnoBus OyAeM Ha3bIBaThb OCHOBHBIMHU.

Tak kak Zb =1u|K,(h|<M, 1O ‘Zb K, (h)‘SM . IloaTOoMy B city4ae ypaBHEHHS

j=1
(37) OCHOBHBIE YCIIOBUSI UMEOT BU/I;

a) a)—(hMN +,Bj >0
6) O(h) = hL(h)N

B cnydae BbIMOnHEHHMs ycioBuid a) W 0), cornmacHo Teopeme 9 Kkpaepas
3amava (32), (33) 3agaua uMeeT €IMHCTBEHHOE PEIICHHUE (pn(xo,h)ziimxff)(xo,h) u
—>00

<1.

1MN

—xP (x| 0" (-0 —

rae x\*(x,,h) ONPEaeNseTcs COrIACHO

n—1
X (x,, ) = x, +h) {q),-(xf“)(x h), h)— —Z @, (" P (xy, h), h)}
i=0
+%(B’ld—(B’IA +E)x,), x°(x,)=%,, n=0,12,..,N, k=123,...
T 9
Y4uThIBas, 4TO /= ~ 13 ycuosui a), 0) moyrydaeM npu N — oo YCIOBHH:

a) w—[hm+ﬂj>o

6) Q:%d (38).

O0603HaUMM Yepe3 A(x,,h) U S(x,,/) BBIPAKCHUH
t+h

A(x, h)——[B 'd—(B" A+ E)x, ]—l j F(5,x°(s, x,))ds (46)
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S(x,,h) = %[Bld —(B'A+E)x,] —;Zcpﬁ(xﬂ,h) (47)
=1

B §5.4 naHa oueHka TOYHOCTM KOPHEH ONpeAcsomMX ypaBHEHHH (46),
(47).

Teopema 10. Ecim x=x, x=X, KOPHM ONPEACIAOMIMNX YPABHCHUIA
AGxy, h) =0, S®(x,,h)=0 W MaTpuubl  A.'(x,,h) [1—|B’1A+1|—2Q(h)(1— Q(h))*l]’1
HEBBIPOXKIECHHBIE, TO CITPABEUINBA OLICHKA

X, k _ o MN
%, —x,| < LNO* ()1~ O(h)) i

+max2b \K@)(eh)\]hp“

< F(pH)(eh)
p+1

+# ma
rr(h)p!T[ g

rie |[A;]1|£%, |[1 |8 4+1| 2001 -0m) ' | | < 1

r(h)

B §5.5 paccmarpuBaeTcs KOHKpETHas KpacBas 3aJada U €€ UYMCICHHOE
PELICHHE COIJIACHO AITOPUTMY METOA Ditiepa.

['maBa 6 mocBsIEHA UCCIIEIOBAHUIO KPAeBhIX 3a/1a4 Buja (§6.1)

ax(1)

~ =P()x(1)+ 1 (1), (48)
Ax(0)+ Bx(T)=d,0<1 < T, (49)
d);(t ) _ P(O)x()+ £ (1, (2)), (50)
Ax(0)+ Bx(T)=d,0<t<T, (51)

0 fextore), (52)

Ax(0, 8)+Bx(T,g) d,0<t<T, (53)
0 f(6a(0.0), (54)
Ax(0,&)+ Bx(T,e)=d,0<t<T. (55)

B §§6.2, 6.3 Ha OCHOBE ammapara YWCJICHHO-AHAJUTUUYECKOTO METOAA
W3YYEHbI BOMPOCHI CYIIECTBOBAHMS M OTBICKaHMs PEIICHUI KpaeBbIX 3am1au (48),
(49) m (50), (51).

Pewmenue kpaepoi 3anaun (48), (49) MOXKHO MOTyYUTH HA OCHOBE (POPMYJIbI

x(t,c)=V(t)c+ j.{V(z‘)V1 () f(7)— %j.V(T)V1 (s)f(s)ds}dr +
0 0 , (56)

+ %[B’ld (B A+V(T))e].

riac V) - q)yHJ:[aMeHTa.HbHaﬂ CHUCTEMA PELICHUN CUCTEMBI = P(t)x(t).

Beipakenue (56) oOpaszyeT ceMeicTBO (pyHKIMH, 3aBUCAIIEE OT mapaMmerpa c. Te
3HAUEHUS MapaMeTpa ¢, sl KOTOPBIX CIPABEAJIMBO PABEHCTBO

ax(@)
dt

%[Bld (B AV (T))e]— % IV(T)V1 (7)f ()7 =0
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SBIIICTCS perieHueM 3aaaun (48), (49).
1) det(B'A+V(T)) =0, TO (HEBBIPOXKICHHBIN CiTydait), TO Gopmyoi

x(O)=V@E)B'A+V(T))'B'd + J.G(t, ) f(r)dr

OTIPEACTAETCS peUICHHE KpacBoii 3anaum (48), (49), rae
Ge.) = {V(t)[E —(BA+V D) V(D (r), i0¢ 0<r<t<T,
V@B A+V(T) V(TW '(r), id¢ 0<r<t<T,
KOTOpOE siBasieTcs PpyHkuuen ['puHa kpacBoit 3anaun
% = P(O)x(t) + f(r), Ax(0)+Bx(I)=0, (57)

2) det(B'A+V(T))=0 (BBIPOXKICHHBIN CITydaif).

Teopema 11. [1ycth kpacBas 3amaya (57) JOMYyCKACT JTUHEHHO HE3ABUCUMBIE
penteHust ¢, (1), ¢,(1),...0, (1) (1<k<n).

Torma cooTBeTCTBYIOIIAs €l HeomHopoaHas 3aaada (48), (49) umeer
PELIEHUE TOT1Aa ¥ TOJIBKO TOTA, KOTAA BEIIOJTHEHBI YCITOBUS

j <X (@) V() f(r)>dr=<x(0),B'd >.

rae x=x () (x'(t)=""(©))"x"(0)) - peuIeHUE CONPSLKEHHOM KpaeBoii 3a1auun

cb;(l) = —P (O)x(t), P"x(0)+Ox"(I'), Tie MAaTPHIlBl 4, B, P, O CBA3aHBI PABCHCTBOM
t
AP —-BQ" =0.

[TycTh n-MepHast BEKTOP-PYHKIMS f(¢,x) onpeaeacHa B 00JacTi
(t,x)el0,T]xS,,S, = R", (58)

rae D - OTPaHMYEHHAs, 3aMKHyTas O0JIaCTh €BKJIMIOBOTO MPOCTPAHCTBA £, W

YJOBJICTBOPSCT YCIIOBUSIM:
|f (6, )| <M (59)
|7 x) = fe.x")| < K|x' x| (60)

O603HauMM y = C,d, + (% CC, + C“jM + 4. IlycTte

7 <. (61)

[Ipenrnonoxum Taxxke, 4ro
Q:(%ClCﬁCJK <. (62)
Teopema 12. Ilycte x=x"(t,c) pemieHue kpaeoit 3amaum (50), (51),
ynoBieTBopstoiiee B oonactu (58) yenosusm (59) — (62). Toraa x°(z,¢) = lim x,(1,¢),

PaBHOMEPHO OTHOCHUTEIBHO (f,¢) [0, T']x S,

Ko x,.0|<0"1-0) "y, (m=1,2,..)
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rae x, (¢,c) OMpPEACsieTCs COrJIaCHO AJITOPUTMY

x,(t,c)=c,

x . (t,e)=V(t)c+ j{V(Z)V1 () f(z,x, (t,c)— % ]CV(T)V1 () f(z,x, (7, c))dr}dr +

L[ O VO (o, (.M + {4~ (5 4 (e w0

[TocTpoeHHE aCMMNTOTHYECKUX PELICHUAN KpaeBbIX 3a1ad (52), (53) u (54),
(55) cBomsTCA K 3aAa4€ MOCTPOEHUS! aCHMIITOTHYECKHUX peleHnid 3anaun Komu

D fx.2)0) —%If(t, X(,2), )+ 15 '~ (5 A+ EX0,2)], (63)

x(0,e)=a,+ea,+..+&"a, +.. (64)
1 3ana4n Ko

dxgts) ft,x(,¢e), 8)——'[f(l‘ x(t,¢), 8)dt+ [B'd —(B'A+E)x(0,¢)], (65)
x(0,8)=a,+ea,+...+&"a, +... (66)
B §§6.4, 6.5 paccmarpuBaroTCs BOIPOCHI MOCTPOEHUS ACHUMIITOTUYECKHX
pewenuii 3apaun Kowm (63), (64) u kpaesoii 3apaun (52), (53).
Pewmenue 3amaun Kowm (65), (66) nmem B Brjae

x(t,&)=x,() +ex () +&°x,()+.. +&"x,(t)+..., (67)

Teopema 13. Ilycth QyHKIMS f(2,x,£) B 00IaCTH
(1,x,£)[0,7]x S, x[0,¢,] (S,CE),
YIOBJIECTBOPSET YCIOBHSM:
1) ®yHKUHS f(2,x,c) aHAIATAYHA [0 MIEPEMEHHBIM x, ¢ |
2) CymectByeT (yHAAMEHTalbHAas CHCTEMA PELICHUHA V =V (f) CUCTEMBI
i PepeHINATbHBIX YPABHCHAN

dz(tf) Ay (A = £1(t,x%,(1),0)),

TJI€ X,(/) - pEUIEHUE «BBIPOKIECHHOMNY CUCTEMBI, COOTBETCTBYIOIIEH cucteme (63);
3) Yucno 1 He JeKUAT HA CEKTPE Sapa

K (t,s)= J-[—% JIGs;, x,(s), O)j V(s '(s,)ds, M R(t,s) €r0 PE30JIbBEHTA,
4) ¢y <1,

TOE » = max , ¢, - mocTosiHHas Jlunmmina st GyHKIuu
t

jV(t)Vl (s) {l + ]-R(s, s,)ds, ,st
gltug)=ftu+X,, &)= f(1,%,(1),0)u —
—lj-(f(t, u(t,e)+ X (t,€),&) — f1(t,x,(t), 0yu(t, £)) dt +

+— [B 'd— (B~ dX
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Torma CyLIECTBYIOT TAKUE MOCTOSHHBIE € >0, £, >0 U 5(¢)>0, 4TO I PELICHUS

x = x(t,x,,€) 3a7a4u (63), (64), U UMEET MECTO HEPABEHCTBO

|x(t, x,,8)= X, (t,x,,6)| s ce™
W3 acumMnroTrueckoro pasnoxenus (67) peleHus KpacBoi 3agaun (63), (64)

CJIEYET, YTO OHO 3aBUCUT OT HEM3BECTHBIX MAPAMETPOB a,,d,, sy s, ... T.C.

npu 0<¢<T.

x=x(t,dy,0,,...ra,,...,) (§6.5). [loaTOMY, ecnu
A(ay,a,,...,a,,..,£) =0,

1
Aa,,a,,....,a,,....6) = —[B’ld —(B'A+E)a, +¢ca, +..)]—

—— j F(t,x(t,ay, @, ..y €), €)1,

TO QYHKIUS x = x(¢,d,,a,,...,d,,...,&) SBISETCS PEIICHAEM KpaeBoi 3amaun (52), (53).
Teopema 14. [IlyCTb BBINOJHEHBI  YCIOBUS TeOpeMbI 13. Ecnu

det(B~ 1A+E);zs0 TO CYIIECTBYET pPEIIEHUE x=x(t,d,,d,,...,d,,...,E) KPACBOW 3a1a4u
(52), (53) n umeeT MecTo HepaBeHCTBo

Ix(.a,.a,...a,,...e)- X (1,d,.4,..,a,,...6)| < T
npu 0<¢<T.

Pewmenue 3apaun Kowm (65), (66) Oynem uckare B Buje (§6.6)
x(t,e)=x,()+ex () +..+&"x () +...+ T x(7) + e x(T)+..+ "w X(T)+ ..., (68)

Teopema 15. Ilycte f(z,x,e) B obOmactu (¢,x,¢)e[0,T]1xGx[0,¢,] (G R")
YIOBJICTBOPSAET YCIOBUSIM:
1) ®yHKIMs f(z,x,c) aHATATAYHA 1O TIEPEMEHHBIM x, ¢ |

2) det f.(,x,(£),0) %0, x,(f) - pelICHUE BBIPOKACHHONW CUCTEMBI M 1 HE JIEXKUT
Ha CIICKTPE sapa

K(1.8) == 1.1 3,0.0)£.65.5,(5).0):

3) CymectByeT (yHIaMECHTAJIbHAs CUCTEMA PEHICHUI W=Wi(,s,e)
(W(s,s,¢)=E) - pyHIaMEHTaIbHAS CHCTEMA PEIIEHUI OAHOPOTHONH CUCTEMBI
gdd—pf =AW, A@t) = f.(t,x,(2),0)
KOTOpast YIOBJIETBOPSAET OLICHKE

|W(t,s,s)|£cexp[—é(t—s)j Oopu 0<s<t<7,
g

c,C
4) =<1
o
Torma CylecTBYHOT Takue MOCTOSAHHBIE ¢, &, >0 U J(g) >0 TAKUE, YTO UIA

pewmenus x = x(1,x,,¢) 3aga4u (65), (66), UMEET MECTO HEPABEHCTBO
|x(t, x,,&)— X, (, x0,3)| <ce™ npm 0<r<T.
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Teopema 16. IlycTb BBINOMHEHBI YCHOBUS TeopeMbl 15, Ecnm

det(B'A+E)=0, TO 1A pemeHus x=x(t,a,.q,,...£) KpaeBoi 3amaum (54), (55)

HMCCT MCCTO HCPABCHCTBO

x(t,a,,a,...e)-X (t,a,,a,...e)|<ce™ opu 0<¢<T.
0 1 n 0 1
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PE3IOME
AnbsiMOaeB AcaHrys TeMUpKyJI0BHY

Yuc/IeHHO-aHATUTHYECKHE W ACHMIOTOTHYECKHE METOAbI HCC/Ie0BAHUA
KpaeBbIX 3amxa4 U depeHUAIbHBIX, HHTErpo-AuddepeHnHaIbHBIX
YpaBHEHHUH

JluccepranMsi Ha COMCKAaHWE YYCHOH CTENEHW JOKTOpa  (pu3mko-
MarteMaTH4YeCKux Hayk no cnenmanbHoctn  01.01.02 — muddepeHumanbHbie
VPAaBHEHUS, AMHAMUYECKUE CUCTEMBI U ONITUMAIIBHOE YIIPABIICHUE.

Karwuesbie caoBa: KpaeBag 3amaya, NEPUOAMYECKOE  PELUCHUE,
IMPQPEPEHIMATBHOES  YPABHEHUE, HWHTErpo-Iu(epeHuranbHoe  ypaBHEHHE,
OPUONMKEHHBI ~ METOJ € YCKOPEHHOM  CXOAMMOCTBIO, JIMHEHHBIE W
KBA3WJIMHEHHBIC mQdhepeHInaTbHbIE YPaBHEHUS, METOA UHTETPO-
TP PEPEHINATBHBIX YPABHEHHIA.

OO0beKT HCC/IeJ0BAHHS:

Ileppommueckue W ABYXTOYEUYHBIE  KpAaeBBIE  3aJa4d  CHCTEMBI
P PepeHINATBHBIX U UHTETPO-Tu((PEepEHIIMATIBHBIX YPABHEHUIA.

eanb padoThI:

— MCCIIEOBAHUE BOMPOCA CYLIECTBOBAHWA U MOCTPOECHHUS MEPUOAUYECKUX
peleHnit cucTeMbl KBasuuHEHbIX /1Y ¢ koHeuHbIM nocnenciicteuem u MUY
o0mero Buaa OCECKOHEUHBIM —TOCHEACHCTBHEM, OOJAarOlIAiA  CBOWCTBOM
ABTOHOMHOCTH,

— M3YYECHHUE 33a4M paspelimmMoctd MY cMelmaHHoro tuna M MmocTpoeHus
NPUONM>KEHHBIX PEIICHMIA,

— W3YYEHHE BONpPOCa IMOCTPOCHHUS PEIICHUS KpaeBbIX 3amay mig Y ¢
JIMHERHBIMUA HE PA3EIAOIUAMCS TPAHUYHBIMU YCIIOBUIIMMU;

— TIOCTPOCHHUS ACUMITOTHYECKOrO0 PAa3loKEeHUs [0 CTENEeHSAM MaJloro
rnapamMeTpa peleHus KpaeBbIX 3amad A Y ¢ peryispHbIM KU CHHTYJISPHBIM
BO3MYILIEHUEM.

Meroabl HCCIEA0BAHUS:

JUTs TOCTMIKEHMS LIENTM W PEIIEHUS 3a7a4 JUCCEPTALMM, TIaBHBIM 00pa3oM
MPUMEHSIOTCS  annaparel YUCICHHO-AHATUTHYECKON0 METOAA, NPEUIOKEHHBIN
Camoitnienko  A.M., Teopus  MHTErpo-AU(PPEepPEeHUMANTBHBIX  YPaBHECHUH
pazpaboranHblii beikoBeIM S1.B., Teopuss meToma Majoro mapameTpa, TEopus
METOJa TOrpaHWYHbIX (QYHKUMA W anmapar mertoga HetotoHa-KanTtopoBuua,
00ECNEUNBAOIINANA  YCKOPEHHY) CXOAMMOCTh NPUOIMKEHHOTO PEIIEHUS K
TOYHOMY PEILICHUIO KPAacBOMl 3a1a4H.

Hay4Hast HoBU3HA:

— BrniepBble uncnenHo-ananuTuueckuii Mmeton A.M. CaMOMIIEHKO TPUMEHEH
1 000CHOBAH JUI UCCIICAOBAHUS IEPUOAMYECKUX pelleHui aBTOHOMHBIX CUJLY ¢
KOHEYHBIM M OECKOHEYHBIM MOCIEACHCTBUEM;
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— Pazpaboran u MareMarndecku OOOCHOBAH METOJ TMOCAEAOBATEIIbHBIX
npUONKEHUH  00€CTICUMBAOIINI  YCKOPEHHOW CXOJMMOCTBIO TPHOIMIKEHHBIX
PELICHMIA KPAeBBIX 331a4 K TouHOMY pemeHuto CIY,

— H3ydeHbl BONPOCH! CYIIECTBOBAHMS M €AMHCTBEHHOCTH pemeHus CHUY
umenyemoe kak CHUY B 4MCIIEHHO-aHATMTUYECKOM METO/IE,

— Meronom cBeneHus kpaeod 3amaun g CHY ¢ peryiaspHsIM U
CUHTYJISIPHBIM BO3MYILEHUEM OTHOCHUTEIIBHO MAJIOr0 mapamerpa, K 3agadye Komm
st CUJTY mocTpoeHa aCHMITOTHYECKOE PEHIEHUE KPACBOM 3a/1a4u,

— HW3ydeHbl BONPOCH CYIIECTBOBAHUSL M IOCTPOCHME KPACBbIX 331a4
JIMHEHHBIX U KBa3WJIMHECHHBIX CIIY;

— PazpaGorana Momgudukanus uymciaeHHoro wMerona Pynre-Kyrra s
MOCTPOEHUS YUCIICHHBIX PEIIEHUI KpaeBbix 3aaad C/1Y.

PE3IOME

AnbsiMOaeB AcaHrys TeMUpKyJI0BHY

Huddepenumanapik, uHTErpo-qupGepeHImanablk  TEHACMENEp  Y4yH
YEKTTUK MACeNIENEPAA U3UIIOOHYH CaH — QHAJIMTUKAIBIK JKaHA aCUMIITOTUKAJIBIK
BIKMAJIAPHI

du3nka — MareMaTHKa WIMMIACPUHU JOKTOPIYK OKYMYLITY JAapaXkachblH
W3JICHUN anyy Y4dyH kaspuirad aumccepramms 01.01.02 — muddepeHumanabik
TEHJAEMETEP, AMHAMUKAIIBIK CHCTEMaap KaHa ONTUMAAYy OaliKkapyy aJudCTHIH.

YpyHTYyKTYY coe3aep: UeKTuK Maceenep, ME3TWIAMK YblFapblUIbIIITAp,
mupdepeHenmanablk  TEHAEME HMHTErpo — JAU(QEpeHIMAIIbIK  TEHACME,
YBITAPBUTBIIIKA TE3ACTUIINI KBIHHATYYYY BIKMA, ChI3BIKTYY YKaHA KBA3HCBHI3BIKTYY
qu(GeHIMATTIBIK TEHAEME, UHTETPO — MUPPEpeHIMAIBIK TEHACMENEP BIKMACHI.

N3nnneeHyH 00bEeKTUCH: mu(pepeHenmanapik, WUHTETPO —
IMPPEPEHIMATABIK TEHACMENEPAUH CUCTEMACHl YYYH ME3TWIIMK >KaHa OKH
YEKUTTYY YEKTHK MACENEIIEP.

N3unnee makcarbl: ABTOHOMIYK KAacHMETKE 33 OOJITOH MHTErPo —
IMpPEPEHINATABIK TEHACMENEPANH ME3TWIANK YbITaPbUIbIIIBIHBIH YKallAllbIH
’)kaHa aHbl TaOyy yuyH A.M. CaMOWJIEHKOHYH CaH — QHAJIMTHUKAJIBIK BIKMACBIH
HETH3/160. Apajanl TEKTerM WHTErPAIAbIK TEHACMEHUH YbIrapPbUIbIIIBIHBIH
JKAllIAIOBIH YKaHa aHbl TYPry3yy wMacenenepun u3uigee. JuddepeHumnanpik
TEHAECMETIEPANH YbITapbUIbIIIBIHA TE3AETHIINI KbIHHATYYYY BUIIAMIBIKTHI KAMCHI3
KbUITAH BIKMAHbI HETU3/100. UEKTMK MACEICHWH CaAHABIK YbITAPbUIbIMIbLI YYYH
Pynre — KyTTaHbIH BIKMACBIHBIH MOAN(UKALUSCHIH HETU3/166.

N3unpeenyn  bikMagapel:  CamoineHko A.M  cyHywiraran — cas-
AHAJIMTUKAJIBIK BIKMAHBIH anmnaparbl, beikoB S.B WIITENn YBIKKAH WHTETPO —
P PepeHINATABIK TCHACMEIEPANH TEOPHUSICH, KHUMHE MAPAMETP TEOPHSICHIHBIH
BIKMAChl, aiiMakTap (QYHKUUSACHIHBIH TEOPHSCHI, YEKTUK MACEJICHUH TakK
YbIFaPbUIBILILIHA, YKAKbIH AT PBUITaH YBITAPBUTBIITHIH TE3AETIITAT
JKbIHHAJIBINIBIH KaMChI3 KbUTraH HbF0TOH — KaHTOPOBUYTHH BIKMAHBIHBI allllapaThl.
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Niaummuii aHbLIBIKTAP:

- bupuHum KONy aBTOHOMAYK KaCHETKE 33 OOJIrOH HHTErpo —
TP PepeHINATABIK TEHAEMENCPANH ME3TUIIINK YbITapPbUIBILIBIH U3WII06/10
Camoiinenko A.M. caH — aHAOMTHKAJBIK BIKMACHl KOJJIOHYJIYIT JKaHa
HETU3CTIIN;

- UYeKTHMK  MAaCeJEHMH TaK  YbIrapbUIbIIBIHA  >KAKBIHAAIITHIPBUITaH
YBITAPBUIBIIITEIH  TE3AETHIIAN SKbIHHATYYCYH KaMCbhI3 KBUITAH bBIKMAHbI
UIITEN YBITYY ’KaHA HETU3166;

- CaH — aHATUTUKAIBIK BIKMAHBIH MHTETPAABIK TECHAEMECH NN aTalyydy
UHTETPAIABIK ~ TEHJACMCHWH  YBbITAPBUIBIMIBIHBIH  JKAINAIIBIH  YKaHa
YKQJITBI3ABITBIH U3UIIIO86;

- CBI3BIKTYYy J>KaHa KBAa3UCBI3BIKTYY YEKTUK MACEJICTHUH YbIrapbIIIbIHbIH
JKalllAlIbl YKaHa aHbl TYPry3yy MacelleJIepUH U3HII60,

- Perynspayy ’kaHa CHUHIyJIpAYY AYYIYKTYPYATOH TEHACMEIEPAN W3UIIIO0
Y4yH HHTErpo — AAPPEpEeHUMANIBIK TEHACMEIEPAN MINTEN YbITYY >KaHa
HETHU3/100;

- JuddepeHumanaplk TEHAEME YYyH UYEKTHK  MACEJIEHWH  CaHJIBIK
YBITAPBUIBIIIBIH TA0YYHY KaMcbl3 KbiiraH PyHre — KyTTaHbIH BIKMAChIHBIH
MOJU(PUKALMSICHIH UIITEN YBITYY.

SUMMARY
Alymbaev Asangul Temirkulovich

Numerical-analytical and asymptotic methods for investigating
boundary-value problems of differential, integro-differential equations

Thesis for the degree of Doctor of Physical and Mathematical Sciences,
specialty 01.01.02 - differential equations, dynamic systems and optimal control.

Keywords: boundary value problem, periodic solution, differential equation,
integro-differential equation, approximate method with accelerated convergence,
linear and quasilinear differential equations, the method of integro-difterential
equations.

Objects of research:

Periodic and two-point boundary value problems of a system of differential
and integro-differential equations.

Objective:

- study of the existence and construction of periodic solutions of a system of
quasilinear IMU with finite aftereffect and an IMU of a general kind with an
infinite aftereffect, possessing the property of autonomy;
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- study of the problem of solvability of mixed type IC and construction of
approximate solutions;

- study of the problem of constructing a solution of boundary value problems
for DM with linear non-separating boundary conditions;

- the construction of an asymptotic expansion in powers of the small
parameter of the solution of boundary value problems for DW with a regular and
singular perturbation.

Methods of research:

To achieve the goal and solve the problems of the dissertation, the apparatus of the
numerical-analytical method proposed by Samoilenko AM, the theory of integro-
differential equations developed by Bykov YV, the theory of the small parameter
method, the theory of the method of boundary functions and the apparatus of the
Newton- Kantorovich, which ensures the accelerated convergence of the
approximate solution to the exact solution of the boundary value problem.

Scientific novelty:

- For the first time the numerical-analytical method Samoilenko was applied
and justified for the study of periodic solutions of autonomous SIDIs with finite
and infinite aftereffect;

- The method of successive approximations is developed and mathematically
justified, which ensures the accelerated convergence of approximate solutions of
boundary value problems to the exact solution of the SDE;

- The questions of the existence and uniqueness of the SIC solution are
considered as the SIC in the numerical-analytical method;

- The method of reducing the boundary value problem for a CDS with a
regular and singular perturbation with respect to a small parameter, (o the Cauchy
problem for SIDE, we construct an asymptotic solution of the boundary value
problem; .

- Existence questions and construction of boundary value problems of lincar
and quasilinear SDEs are studied,

- A modification of the Runge-Kutta numerical method for constructing
numerical solutions of the boundary value problems of the SDE was developed.

S
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